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1. INTRODUCTION
It is well known [8, pp. 206–208] that a linear differential equation of
second order with three regular singularities can be represented in the form




+ [c − a+ b+ 1z]du
dz
− abu = 0 (1)
where a b c are constants independent of z.
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We denote
a n = aa+ 1 · · · a+ n− 1 for n = 1 2 	 	 	 
and set a 0 = 1. If c = 0−1−2 	 	 	, then








is a solution of the differential equation (1), which is regular in a
neighborhood of the point z = 0. The function Fa b c z is called
the Gaussian hypergeometric function. If the parameters a and b are neg-
ative integers or 0, then the solution of Eq. (1) is a polynomial and hence
analytic in the whole plane. For the other values of the parameters the
series (2) converges absolutely for z < 1. It also converges absolutely for
z = 1 if a + b − c < 0; it converges conditionally for z = 1 z = 1
if 0 ≤ a+ b− c < 1 and diverges for z = 1 if 1 ≤ a+ b− c.
The complete elliptic integrals of the ﬁrst and second kind are the















































′k = k′ ′k = k′
where k2 + k′2 = 1. Sometimes the argument is omitted and one uses nota-
tions such as , ′, , ′. A basic property of complete elliptic integrals is
the Legendre relation, which says that [6, p. 129]
′ + ′ −′ = π
2
	 (3)















































+ ν 1+ ν + µ 1− z
)
= 1+ λ+ µ1+ ν + µ
λ+ µ+ ν + 3/21/2 + µ 	 (4)
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It is easy to see that (4) yields the Legendre relation (3) for λ = µ = ν = 0.
Another generalization of the Legendre relation was suggested by
Anderson et al. [1]. With the notation
u = ur = Fa− 1 b c r v = vr = Fa b c r
u1 = u1− r v1 = v1− r
they considered the function
a b c r = uv1 + u1v − vv1 (5)
which for a = b = 1/2 c = 1 is a constant by the Legendre relation (3).
The following theorem was proved in [1, Theorem 3.12].
Theorem 1.1. For a b c > 0 r ∈ 0 1, (1) r du
dr
= a − 1v − u,
(2) r1− r dv
dr
= c − au+ a− c + brv or, equivalently, (3) ab
c
r1− r×
Fa + 1 b + 1 c + 1 r = c − au + a − c + brv, (4) r1 − r d
dr
uv1 +
u1v − vv1 = 1− a− b1− ruv1 − ru1v − 1− 2rvv1.
It follows from Theorem 1.1(4) that a 1− a c r is a constant. More
precisely [1, Corollary 3.13(5)],
a 1− a c r = 
2c
c + a− 1c − a+ 1 	 (6)
It should be mentioned that the relation (6) agrees with Elliott’s identity
(4) for λ = ν = 1/2 − aµ = c + a− 3/2.
In [1, Conjecture 3.16], the following conjecture was presented:
Conjecture 1.1. For a b ∈ 0 1 a + b ≤ 1 ≥1 a b c r is con-
cave (convex) as a function of r on 0 1.
Our main result is motivated by this conjecture.
2. THE MAIN RESULT
For the function
a b c r = Fa− 1 b c rFa b c 1− r + Fa− 1 b c 1− r
×Fa b c r − Fa b c rFa b c 1− r (7)
with a > 0 b > 0 c > 0 1 > r > 0 we shall prove
Theorem 2.1. (1) For c + 1 > ab/a+ b+ 1:
(a) If c > b a + b > 1 or c < b a + b < 1 then a b c r is
strictly convex.
(b) If c > b a + b < 1 or c < b a + b > 1 then a b c r is
strictly concave.
626 karatsuba and vuorinen
(2) (a) a b c r > 0 for c > b,
(b) a b c r < 0 for c < b,
(c) a b b r = a c c r = 0.
(3) a b c r is constant for a+ b = 1.
(4) a b c 1/2 is the unique extremum of the function a b c r.
Proof. First we transform the function a b c r to a more compact
and more convenient form. For this purpose we use the following relation
of Gauss [5, p. 130; 7, p. 122]
c1− rFa b c r − cFa− 1 b c r
+ c − br Fa b c + 1 r = 0	 (8)
From (8) we have
Fa− 1 b c r = 1− rFa b c r + c − b
c
r Fa b c + 1 r	 (9)
Analogously,
Fa− 1 b c 1− r = r Fa b c 1− r
+ c − b
c
1− rFa b c + 1 1− r	 (10)
Substituting (9) and (10) in (7), we ﬁnd that
a b c r = 1− rFa b c rFa b c 1− r
+ c − b
c
r Fa b c + 1 rFa b c 1− r
+ r Fa b c 1− rFa b c r
+ c − b
c
1− rFa b c + 1 1− rFa b c r
−Fa b c rFa b c 1− r
= c − b
c
[
r Fa b c + 1 rFa b c 1− r
+ 1− rFa b c + 1 1− rFa b c r]	
We have proved the following lemma.
Lemma 2.1. The following relation holds,
a b c r = c − b
c
Ga b c r (11)
where
Ga b c r = [r Fa b c + 1 rFa b c 1− r
+ 1− rFa b c + 1 1− rFa b c r]	 (12)
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Now we can record some basic properties of the function a b c r.
Since a > 0 b > 0 c > 0 0 < r < 1, it follows from (12) that Ga b c r >
0, and by (11) we see that
a b c r > 0 for c > b
a b c r < 0 for c < b
a b c r = 0 for c = b	
Further,
a b c r = a b c 1− r
and therefore
 ′a b c r = − ′a b c 1− r
and  ′a b c 12  = 0, that is, r = 12 is a critical point.
Now we will consider the derivative of the function a b c r and try
to represent it in the most compact form. We differentiate (11) once with
respect to r and use the well-known differentiation formula [8, p. 281]
d
dr
Fa b c r = ab
c
Fa+ 1 b+ 1 c + 1 r	
































Rewrite (13) in the form
 ′a b c r = c − b
c
S1 + S2 + S3 (14)
where
S1 = Fa b c + 1 rFa b c 1− r





r Fa+ 1 b+ 1 c + 2 rFa b c 1− r




(1− rFa+ 1 b+ 1 c + 1 rFa b c + 1 1− r
− r Fa+ 1 b+ 1 c + 1 1− rFa b c + 1 r)	 (17)
First we consider the sum S2. We use the following relation of Gauss
[5, p. 133; 6, p. 14]:
cc + 1Fa b c r − cc + 1Fa b c + 1 r
= abr Fa+ 1 b+ 1 c + 2 r	
Hence
ab
c + 1 r Fa+ 1 b+ 1 c + 2 r = cFa b c r − Fa b c + 1 r (18)
and
ab
c + 11− rFa+ 1 b+ 1 c + 2 1− r
= c(Fa b c 1− r − Fa b c + 1 1− r)	 (19)
Substituting (18) and (19) in (16), we get
S2 = cFa b c 1− rFa b c r
− c Fa b c 1− rFa b c + 1 r
− cFa b c rFa b c 1− r
+ c Fa b c rFa b c + 1 1− r
= c[Fa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r]	 (20)
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Now we consider S3. We use the following relations for hypergeomet-
ric functions derived from Gauss’ relations by Magnus and Oberhettinger
[6, pp. 13–14],
cFa b c r − c − aFa b+ 1 c + 1 r
= a1− rFa+ 1 b+ 1 c + 1 r (21)
cFa b c r − c − bFa b c + 1 r
= bFa b+ 1 c + 1 r	 (22)
Substituting (22) in (21), we get
a1− rFa+ 1 b+ 1 c + 1 r
= c Fa b c r − c − a
b
(
















1− rFa+ 1 b+ 1 c + 1 r
= a+ b− cFa b c r + c − ac − b
c




r Fa+ 1 b+ 1 c + 1 1− r
= a+ b− cFa b c 1− r
+ c − ac − b
c
Fa b c + 1 1− r	 (24)
Substituting (23) and (24) in (17), we get
S3 = a+ b− cFa b c rFa b c + 1 1− r
+ c − ac − b
c
Fa b c + 1 rFa b c + 1 1− r
− a+ b− cFa b c 1− rFa b c + 1 r
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− c − ac − b
c
Fa b c + 1 1− rFa b c + 1 r
= a+ b− c[Fa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r]	 (25)
Substituting (25), (20), and (15) in (14), we ﬁnd
 ′a b c r = c − b
c
[
Fa b c + 1 rFa b c 1− r
−Fa b c + 1 1− rFa b c r
+ cFa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r
+ a+ b− cFa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r]	
Rearrangement of terms yields
 ′a b c r = c − ba+ b− 1
c
[
Fa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r]	 (26)
We have proved the following result.
Lemma 2.2. The following relation holds,
 ′a b c r = c − ba+ b− 1
c
Da b c r (27)
where
Da b c r = Fa b c rFa b c + 1 1− r
−Fa b c 1− rFa b c + 1 r	 (28)
Now we will consider the function Da b c r and establish some
properties of this function. It is easy to see by (28) that Da b c r =
−Da b c 1− r and Da b c 12  = 0. We will use the abbreviations
An = a nb n
n!c n  (29)
Bm = ambm
m!c + 1m 	 (30)
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Then














From (28) we have































rn1− rm [AnBm −AmBn]	 (31)
Denote
nm = AnBm −AmBn	 (32)
Substituting in (32) the values of A and B from (29), (30), we have
nm = AnBm −AmBn
= a nb nambm
n! c nm!c + 1m −
ambma nb n
m! cmn!c + 1 n





cc + 1 · · · c + n− 1c + 1c + 2 · · · c +m
− 1
cc + 1 · · · c +m− 1c + 1c + 2 · · · c + n
]





cc + 1 nc + 1m −
c +m
cc + 1mc + 1 n
]
= a nb nambm
n! m!cc + 1 nc + 1m n−m	 (33)
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Replacing in the last sum of (34) m by n and n by m, we get




rn1− rm a nb nambm
n! m!c + 1 nc + 1m n−m
− ∑
n>m
rm1− rn ambma nb n







n! m!c + 1 nc + 1m
× [rm1− rmrn−m − 1− rn−m]	 (35)
In (35) we denote
δ = rn−m − 1− rn−m	
Since n > m a > 0 b > 0 c > 0 we see that
(a) for r > 12 , we have δ > 0 and therefore we have Da b c r > 0,
(b) for r < 12  we have δ < 0 and therefore Da b c r < 0,
(c) for r = 12 , δ = 0, Da b c r = 0.
Hence we can establish the following properties of the function
a b c r and its derivative. From (a), (b), (c), and (27)–(28) we
conclude that
(1) a b c r has only one extremum r = 12 ,
(2) for c > b a + b > 1 or c < b a + b < 1 ′a b c r > 0 for
r > 12 and 
′a b c r < 0 for r < 12 ,
(3) for c < b a + b > 1 or c > b a + b < 1 ′a b c r < 0 for
r > 12 and 
′a b c r > 0 for r < 12 .
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Now we direct our attention to the second derivative of the function
a b c r. We consider  ′a b c r from (26). Differentiating (26) once
with respect to r, we get







Fa+ 1 b+ 1 c + 1 rFa b c + 1 1− r




Fa+ 1 b+ 1 c + 2 1− rFa b c r
+Fa+ 1 b+ 1 c + 2 rFa b c 1− r}]	 (36)
Equivalently, this can be written as
 ′′a b c r = c − ba+ b− 1
c






Fa+ 1 b+ 1 c + 1 rFa b c + 1 1− r





Fa+ 1 b+ 1 c + 2 1− rFa b c r
+Fa+ 1 b+ 1 c + 2 rFa b c 1− r}	 (39)
If we denote
Pn = a+ 1 nb+ 1 n
n!c + 1 n  Qm =
a+ 1mb+ 1m
m!c + 2m 
then














Taking into account that from (29), (30),
An = a nb n
n!c n  Bm =
ambm
m!c + 1m 
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rn1− rm ca nb nambm
n! m!c n+ 2cm+ 2
× {Knm +Kmn}
where
Knm= a+ nb+ nc +m+ 1n−m+ 1
Kmn= a+mb+mc + n+ 1m− n+ 1	
(40)
Hence














n! m!c n+ 2cm+ 2Kmnr
n1− rm	
In the last sum we interchange m and n and obtain






n! m!c n+ 2cm+ 2
×Knm[rn1− rm + rm1− rn]	
Substituting from (40) the relation for Knm we ﬁnd












× b+ nc +m+ 1n−m (41)
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where
Cnm = ca nb nambm
n!m!c n+ 2cm+ 2 = Cmn
θnm = rn1− rm + rm1− rn = θmn	
Since for a > 0 b > 0 c > 0 0 < r < 1; Cnm and θnm are always
positive, it follows that the ﬁrst double sum in (41) is also greater than 0.







Cnmθnma+ nb+ nc +m+ 1n−m
= ∑
n>m
Cnmθnma+ nb+ nc +m+ 1n−m
− ∑
m>n
Cnmθnma+ nb+ nc +m+ 1m− n	 (42)
Interchanging m and n in the last sum, we get
R = ∑
n>m
Cnmθnma+ nb+ nc +m+ 1n−m




where dnm = a+ nb+ nc +m+ 1 − a+mb+mc + n+ 1.
Letting c1 = c + 1, we get
dnm = a+ nb+ nc1 +m − a+mb+mc1 + n
= a+ bc1n−m + c1n2 −m2 + nmn−m − abn−m
= n−ma+ bc1 + c1n+m + nm− ab	 (43)
Since n > m ≥ 0, then dnm > 0, if c + 1n+m+ a+ b > ab or
c + 1 > ab
a+ b+ 1 	 (44)
This inequality holds, for example, for c + 1 > mina b.
Thus, from (37)–(44) we have
for c > b a+ b > 1 or c < b a+ b < 1
 ′′a b c r > 0 and a b c r is strictly convex,
for c > b a+ b < 1 or ab
a+ b+ 1 − 1 < c < b a+ b > 1
 ′′a b c r < 0 and a b c r is strictly concave	
The theorem is now proved.
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3. APPLICATIONS
We shall now deduce some corollaries from Theorem 2.1 assuming that
the parameters a b and c are positive.
Corollary 3.1. For 0 < a < 1
r Fa 1− a c + 1 rFa 1− a c 1− r
+ 1− rFa 1− a c + 1 1− rFa 1− a c r
= cc + 1
c + ac − a+ 1 	
(We used here (6).)





For 0 < p < 1 and 0 < x < 1 the following relation holds by Corollary 3.1
Bxpp + B1−xpp =
p2
2p = Bpp	
This relation can be easily proved also from the deﬁnition.
Notation 3.2. Let Pµν x be the associated Legendre function of the ﬁrst
kind [2, p.143]. Then for −1 < ν < 0 0 < µ < 1 0 < r < 1 the following
relation holds directly by Corollary 3.1:






1− µ− ν2 − µ+ ν 	
Corollary 3.2.
Fa b c r
Fa b c 1− r <
Fa b c + 1 r







Fa b c r
Fa b c 1− r >
Fa b c + 1 r




































follow directly from Corollary 3.2.
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Notation 3.4. Let Fa c t, /α − 1 γ t be the conﬂuent hypergeo-
metric functions with positive parameters and positive arguments [2, p. 252].
Then the following relations for the integrals [2, p. 287] hold directly from
Corollary 3.2, for c > a c + 1 > γ c − a+ 1 > γ − α,∫∞
0 tc−1/etFa c t/α− 1 γ t/1− r dt∫∞
0 tc−1/etFa c t/α− 1 γ t/r dt
<
∫∞
0 tc−1/etFa c t/α γ t/1− r dt∫∞









0 tc−1/etFa c t/α− 1 γ t/1− r dt∫∞
0 tc−1/etFa c t/α− 1 γ t/r dt
>
∫∞
0 tc−1/etFa c t/α γ t/1− r dt∫∞








Notation 3.5. Let Qµν x be the associated Legendre functions of
the second kind [7, p. 208], where µ and ν are real numbers and














































Corollary 3.3. For r ∈ 0 1\ 12:
If c > b a+ b > 1 a+ b < c then
F
(





a b c 1
2
)
< rFa b c + 1 rFa b c 1− r
+ 1− rFa b c + 1 1− rFa b c r
< Fa b c + 1 1	
If c > b a+ b < 1 a+ b < c then
Fa b c + 1 1 < rFa b c + 1 rFa b c 1− r
+ 1− rFa b c + 1 1− rFa b c r
< F
(
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Notation 3.6. The following relations for incomplete beta functions hold
directly from Corollary 3.3 for x ∈ 0 1\ 12, p > 0, 0 < q < 1:
Bxp q
xp−q
+ B1−xp q1− xp−q > 2
p−q+1B 1
2
p q if p > 1− qp > q
Bxp q
xp−q
+ B1−xp q1− xp−q < 2
p−q+1B 1
2
p q if p > 1− qp < q	
Notation 3.7. From Notation 3.3 and Notation 3.6 the following
relations for incomplete beta function hold for x ∈ 0 1/2, p > 0,
0 < q < 1:
Bxp q > 2xp−q+1B 12 p q if p > 1− qp > q
Bxp q < 2xp−q+1B 12 p q if p > 1− qp < q	
Replacing x by 1 − x in these two inequalities one can get analogous
inequalities for B1−xp q, x ∈ 1/2 1.
Notation 3.8. The following relations for integrals [2, p. 272] of
combinations of conﬂuent hypergeometric functions with positive parame-
ters and exponent follow from Corollary 3.3: if a+ b > 1, c > b, a+ b < c


















































)2c + 1c + 1− a− b
c + 1− ac + 1− b 	
For a+ b < 1, c > b, a+ b < c, the reverse inequalities hold.
Notation 3.9. The following relations hold for the associated Legendre
functions of the second kind Qµν , where µ and ν are real numbers and
ν > − 12 . For ν + µ > −1 and for x ∈ 0 1\ 12 
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Corollary 3.4. For c > ab/a+ b+ 1 − 1
Fa b c rFa+ 1 b+ 1 c + 2 1− r + Fa b c 1− rFa+ 1 b+ 1 c + 2 r




Notation 3.10. The following relation for incomplete beta functions
directly follows from the corollary for p > 0, 0 < q < 1, 0 < x < 1
0 <
Bxp+ 1 q− 1 + x/1− xp−q+2B1−xp+ 1 q− 1
Bxp q + x/1− xp−q+2B1−xp q
< 1	
Corollary 3.5. For a+ b < c 0 < r < 1
Fa b c rFa b c + 1 1− r − Fa b c 1− rFa b c + 1 r
< Fa b c + 1 1 − Fa b c 1
= abc − ac − bFa b c 1 =
abcc − a− b
c − a+ 1c − b+ 1 	
4. CONCLUDING REMARKS
(1) We have proved the convexity/concavity of the  -function under
the condition
c + 1 > ab
a+ b+ 1 	
However, we believe that it is possible to avoid this restriction and to get
results for any positive parameter c.
(2) We have proved the main theorem and have obtained applications
for hypergeometric functions Fa b c r, Fa b c 1 − r with posi-
tive parameters a b c and 0 < r < 1. But one can obtain the anal-
ogous results using analogous techniques also for symmetric couple
of the hypergeometric functions Fa b c r, Fa b c−1 − r, where
−1 < r < 0, and for all parameters a b c, c = 0−1−2 	 	 	.
640 karatsuba and vuorinen
It is easy to see from (11)–(12) that some properties of the  -function
do not depend on the sign of parameters. For example,
a b c r = a b c 1− r







= 0 that is, 1/2 is a critical point of the -function,
holds for any parameter a, b, c, c = 0−1−2 	 	 		
However, the sign of the  -function, its transition from convexity to
concavity, and some other properties (for example, it is easy to see that if
both parameters a and b are negative, but the parameter c is positive, then
a b c r is never a constant) depend on the sign of parameters a, b,
c and to get the properties of  -function for the most general case it is
necessary to examine all possible variants.
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